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Abstract
We investigate the statistics of the phenomenologically important D-brane sector of string
compactifications. In particular for the class of intersecting D-brane models, we generalise
methods known from number theory to determine the asymptotic statistical distribution
of solutions to the tadpole cancellation conditions. Our approach allows us to compute the
statistical distribution of gauge theoretic observables like the rank of the gauge group, the
number of chiral generations or the probability of an SU(N) gauge factor. Concretely, we
study the statistics of intersecting branes on T 2 and T 4/ZZ2 and T
6/ZZ2 × ZZ2 orientifolds.
Intriguingly, we find a statistical correlation between the rank of the gauge group and
the number of chiral generations. Finally, we combine the statistics of the gauge theory
sector with the statistics of the flux sector and study how distributions of gauge theoretic
quantities are affected.
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1. Introduction
For many years, string theorists have studied various kinds of string compactifications
with the main motivation to find a model one day which resembles the Standard Model of
particle physics, which we know is a good effective description of nature around the weak
scale. Of course, it is very compelling that string theory in some sense predicts (or at least
contains) gravity and at the same time also gauge theory, but it turned out to be a very
difficult problem to be more precise about the predictions for the gauge theory sector at
low energies. There were simply too many possible candidates which at best resembled the
Standard Model in certain aspects but not in its full glory. However, one could also say
that if we had constructed the Standard Model already in a few attempts, we could have
simply been very lucky or more probably would have just found one of a vast number of
stringy realizations of the Standard Model.
Recall that in the eighties the weakly coupled heterotic string was thought to be
the best candidate to deliver a realistic model. Various (supersymmetric) constructions,
like orbifolds, bosonic lattices, free fermion constructions, Calabi-Yau manifolds in toric
varieties, Landau-Ginzburg and Gepner models etc. were studied and partly classified in
a large number of publications. Even today it is not clear whether there exist finitely or
infinitely many heterotic string backgrounds.
With the advent of D-branes in the mid nineties, new classes of phenomenologically
attractive string compactifications were found where the gauge theory is realized by the
open strings ending on D-branes. Different constructions were proposed like orientifolds
with branes on singularities or intersecting D-branes. It was also realized that the string
scale does not necessarily have to be close to the Planck scale, as in D-brane constructions
low string scale models can exist and would lead to a completely new phenomenology in
the TeV range [1]. In this case, supersymmetry would no longer be necessary for solving
the gauge hierarchy problem.
In addition, with the extension of the relevant dimensions to eleven and even twelve,
new geometric compactifications were possible like M-theory on G2 manifolds or F-theory
on Calabi-Yau fourfolds. Since among these different classes of string models various S and
T dualities operate, not all constructions were considered to be independent, but rather
provide descriptions in different regimes of the M-theory moduli space. It was clear by
then that there exist very many string vacua, but nevertheless people hoped that maybe
one could find a realistic model out of these, say, 1010 vacua 1.
1 Numbers of this order appeared for instance in the classification of CY fourfolds [2].
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Moreover, with the study of flux compactifications [3,4,5,6,7] some additional progress
was made: First, flux compactifications allowed to solve some of the problems the former
purely geometric models notoriously had. In particular, certain fluxes induce an effective
potential that still possesses supersymmetric minima, which allows to freeze (some of) the
moduli generically appearing in string theory. Second, it was also possible to break super-
symmetry in a controlled way by turning on additional internal flux components. Finally,
by taking also some non-perturbative effects into account, for the first time strong evidence
was given that non-supersymmetric meta-stable de-Sitter vacua do exist in string theory
[8,9,10,11]. Concerning the classification of string vacua, these flux compactifications were
also quite surprising, as it turned out that there exist astronomical numbers of minima
of the flux induced potential. One is now not talking about 1010 vacua but about 10500
different vacua in the string theory landscape.
M.R. Douglas emphasized that the search for the Standard Model like vacuum does not
really make sense in view of this huge number of string models [12]. Given the precisions
with which the Standard Model parameters are measured there probably exists still a large
amount of stringy realizations consistent with these precisions. Of course, finding one of
these string models would still be a big success from the phenomenological point of view,
as once the background is fixed there probably exist fewer parameters than in the Standard
Model.
Contrarily, M.R. Douglas proposed a different complementary approach to the string
vacuum problem. Given the huge numbers which are occurring, one had better try a
statistical approach. Instead of computing phenomenologically important quantities for
each model separately, we ought to compute expectation values or distributions of these
quantities in the ensemble of string vacua. Based on this approach, it was proposed that
some of the fine tuning problems like for the cosmological constant or for the weak scale
can find a purely statistical explanation on the string landscape. If the amount ǫ of fine
tuning is larger than the density of the supposedly uniformly distributed string models,
ǫ > 1/N , there can still be a sufficient number of string vacua giving rise to the right value
[13,14,15]. Of course, questions like why nature has chosen a specific, maybe even unlikely
value ask for a vacuum selection principle and are beyond the statistical approach. Some
authors have suggested that eventually the weak anthropic principle might be the only
clue for “explaining” the actual values of certain physical constants [16,17]. Whether this
is the case, we don’t know, but we think it is not yet time to give up searching for other
explanations.
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If also the second fine tuning problem, the gauge hierarchy problem, is merely solved
statistically, then there would be no need for low energy supersymmetry breaking. There
is still an ongoing debate of whether the string landscape favours a low or a high super-
symmetry breaking scale [18-20], but inspired by these string landscape ideas already new
phenomenological models with high scale supersymmetry breaking have been proposed
[21]. It was also suggested that branes with gauge fluxes respectively intersecting branes
might provide a stringy realization of these so-called split supersymmetry models [22]. On
the other hand, if one is still insisting in low scale supersymmetry breaking within the
observable sector of the supersymmetric Standard Model, flux compactifications allow for
an explicit computation of the soft supersymmetry breaking parameters (gaugino masses,
squark and slepton masses etc.) in semi-realistic models with D3- and/or D7-branes [23].
At the moment we do not know whether string theory is realized in nature. Without
having a proof that string theory is in a mathematical sense the unique quantum theory
of gravity, we can only hope to find support for string theory experimentally. Progress in
this direction is as we know hampered by the huge vacuum degeneracy.
It was proposed that performing statistics of the string theory landscape could improve
our understanding of the relevance of string theory in nature. Indeed, one could imagine
that two different physical observables are statistically excluded so that effectively they
are never realized together on the string theory landscape. Then this would practically
falsify string theory. On the other hand one could imagine that by computing statistical
correlations of physical observables on the string theory landscape we find more and more
support that our universe satisfies these correlations. Of course this would not be a proof
of string theory but we could hope to get more and more support from such considerations.
However, there exists also the possibility of the depressing outcome that the statistical
analysis does not show any strong correlations among various quantities so that it does
not lead to any strong statements at all. In this scenario, all values of physical quantities
are more or less uniformly realized and everything is equally likely. On the one hand,
such uniform distributions are an advantage for solving some of the fine tuning problems
and allow one to argue that Standard-like models should exist on the landscape, on the
other hand they are rather boring, as they do not yield any at least statistical prediction.
Therefore, it should be one of the major goals of a statistical analysis to reveal statistical
correlations among physically relevant quantities.
So far the main and most successful work on the statistical approach deals with the
flux induced F-terms and how they freeze the complex structure moduli. In fact, in [24]
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a formula was derived for counting the index of vacua of the flux induced superpotential.
This formula was successfully tested in [25,26] for two different Calabi-Yau manifolds with
one respectively two Ka¨hler moduli. Phenomenologically it is of course very important
to also study the statistics of the gauge theory sector of string compactifications. Some
general comments and estimates were made in the original work [12].
The aim of this paper is to develop more refined methods to work out the statistical
distributions of physically interesting quantities in the gauge theory sector of string vacua.
In the original Type IIB flux models [5,6] the only D-branes were parallel D3-branes, on
which no interesting physics like chirality can occur. It was then proposed to augment this
set-up by more general branes, like branes on singularities or branes with non-trivial 2-form
gauge fluxes (intersecting branes in the T-dual picture). It is known that these intersecting
D-brane models are constrained by only fairly moderate consistency conditions [27,28,29]
which still allow for a large number of solutions. This makes them good candidates for a
statistical approach. Note that the statistics of D3-branes was discussed in [30].
In this paper, given a closed string background, we will present a method to count
classically different solutions to the tadpole cancellation conditions. As it stands, this is a
purely number theoretical problem. It turns out that the counting of unordered partitions
is very similar to this task. It is precisely the saddle point method working quite well in the
former case which can be successfully carried over to our problem. It allows us to compute
the statistical distribution of various gauge theoretic quantities and to reveal statistical
correlations among quantities which from the gauge theory point of view are completely
unrelated. Therefore, this can be considered as a purely string theoretical statistical effect
and, of course, can be traced back to the fact that string theory is a more constrained
system than gauge theory.
This paper is organised as follows. In section 2 we formulate the problem of counting
supersymmetric solutions to the tadpole cancellation conditions arising in intersecting
D-brane models of the Type IIA string theory. Note that via T-duality these models are
related to Type IIB orientifolds with even dimensional branes with non-trivial gauge fluxes
turned on. Therefore, as worked out in [31,32,33], we can combine these models with the
Type IIB flux compactifications of [5,6]. In a first approximation, the brane and the flux
sector are quite independent, the latter giving rise to F-term potentials with the former
leading to D-term potentials. The only effect of the flux is a contribution to the R-R
4-form tadpole cancellation condition.
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In section 3, as a toy model we study the analogous eight dimensional problem where
we have only compactified on a two-dimensional torus. This model is sufficiently simple,
but still close enough to our actual problem to allow for a clear explanation of our method.
In addition, for this simple model we also perform a brute force computer search for all
solutions to the tadpole cancellation condition. Note that the semi-analytic saddle point
method we will propose is much more effective and far less time consuming than this brute
force numerical classification.
In section 4 we will generalise the method to six-dimensional models on T 4/ZZ2 [34],
where new aspects like chirality and complex structure dependence arise. We will derive the
statistical distribution for various quantities of interest like the total number of solutions,
the probability of an SU(M) gauge factor, the distribution of the rank of the gauge group
and the distribution of the number of families. These 6D results are again supported by
a numerical computer search for all solutions. Intriguingly, we find a correlation between
the rank of the gauge group and the number of families.
In section 5 we come to the physically most interesting example and compute the
same distribution for the case of intersecting branes on the T 6/ZZ2×ZZ2 orientifold [28,35].
It turns out that this case is even more complicated than the 6D case, mainly because su-
persymmetry also allows for negative contributions to the tadpole cancellation conditions.
We will show that the number of solutions to these conditions for fixed orientifold and
3-form flux contributions is finite. Surprisingly, all three different models in 8D, 6D and
4D qualitatively show the same behaviour, so that one can suspect that the statistics of
intersecting D-brane models in general is already captured by our concrete examples. For
this case, some of the computations we did in 8D and 6D are already very time consuming.
Therefore, we restrict ourselves in this paper to a selection of those statistical distribu-
tions which could be computed in reasonable time, while postponing a more thorough
investigation to a future publication [36].
In section 6 we combine the gauge theory sector distributions computed in section
5 with the statistics of flux compactifications and analyze how taking both effects into
account changes the statistics. In particular, we focus on the dependence of the distribution
of the rank of the gauge group on the number of 3-cycles where one can turn on three-form
fluxes.
Finally, in section 8 we give our conclusions and an outlook of what kind of statistical
questions one might want to approach next. We add three appendices, in the first two of
which we derive the conditions for coprime wrapping numbers in 6D and 4D. The third
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appendix briefly summarises the main technical tools we are using. They are expected to be
applicable to any problem of the same sort. Whenever one wants to analyse the statistics
of solutions to integer valued constraints, which are known to have a large number of
solutions, a variant of our number theoretic formulas should work.
2. Counting solutions to tadpole cancellation conditions
In this section we formulate the problem of counting respectively computing various
statistical distributions of phenomenologically relevant observables in the set-up of stringy
supersymmetric intersecting D-brane models. Even though we will also discuss eight and
six-dimensional models, let us explain the problem for the more relevant four-dimensional
case.
2.1. The statistical problem for general Type II orientifolds
For concreteness we start with a Type IIB orientifold flux compactification, where
we also allow all fluxes to vanish. The F-term scalar potential generated by the fluxes
generically freezes the complex structure moduli and the dilaton. The techniques developed
in [12,24,37,38,39,26] can be used to perform a statistical analysis of the ensemble of these
flux vacua, which for instance allows one to address questions about the distribution of
the cosmological constant and the scale of supersymmetry breaking.
In addition, the tadpole cancellation conditions also require the presence of D-branes,
which from the phenomenological point of view are at least equally important, as they
provide the stringy realization of the particle physics with all its interactions. It has been
pointed out that to get interesting gauge theories with chiral matter content, one has to
introduce more general branes than simply D3-branes. Both the possibility of branes on
singularities and branes with non-trivial gauge fluxes have been proposed [31,32].
If one neglects the back-reaction of the fluxes on the background, i.e. for models
at large radii with diluted fluxes, the D-brane sector is more or less independent of the
flux sector. The only effect is the contribution of the fluxes to the R-R 4-form tadpole
cancellation condition.
We would like to perform a statistical analysis for the D-brane sector as well, where
just for convenience we work from now on in the T-dual (mirror symmetric) framework
of intersecting D-branes. Therefore we consider a Type IIA string compactification on
some Calabi-Yau manifold, M , and divide the Type IIA model by the discrete symmetry
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Ωσ. Here Ω denotes the world-sheet parity transformation and σ an anti-holomorphic
involution, which in the following is chosen to be simply complex conjugation in local
coordinates. It is well known and has been studied in many examples that this quotient
introduces topological defects in the background, so-called orientifold O6-planes, which
carry tension and charge under the R-R seven-form. For dimensional reasons these O6-
planes wrap 3-cycles, πO6, in the Calabi-Yau manifold and since they preserve one-half of
the supersymmetry these 3-cycles are special Lagrangian (sLag).
To cancel the induced tadpoles of the O6-planes one introduces D6-branes, which
by themselves wrap in general different 3-cycles. Specifically one introduces k stacks of
different branes, where on each stack we have Na D6-branes wrapping the 3-cycle πa and
its Ωσ image π′a. Then the R-R tadpole cancellation condition takes the very simple form
k∑
a=1
Na (πa + π
′
a) = 4 πO6 −Nflux, (2.1)
where we have also included the contribution of the flux. If we also require N = 1
supersymmetry in four dimensions the branes have to wrap sLag 3-cycles, preserving all
the same supersymmetry.
Similarly to the Type IIB orientifolds discussed in [40], the homology group H3(M)
splits into an Ωσ even and odd part, H3(M) = H
+
3 (M)⊕H−3 (M). The even part contains
real 3-cycles and the odd part completely imaginary ones. Moreover, Ωσ exchanges the
holomorphic and the anti-holomorphic 3-forms, so that the volume form
vol(M) =
i
8
Ω3 ∧ Ω3 (2.2)
is anti-invariant, i.e. Ωσ : vol(M) → −vol(M). Therefore, the only non-vanishing inter-
sections are between 3-cycles from H+3 (M) and H
−
3 (M).
Let us introduce a symplectic basis (αI , βI) of H3(M,ZZ) where αI ∈ H+3 (M) and
βI ∈ H−3 (M), so that αI ∩ βJ = δIJ with the other intersection numbers vanishing. We
expand the 3-cycles of the branes and the orientifold planes as
πa =
b3/2∑
I=1
(Xa,I αI + Ya,I βI),
π′a =
b3/2∑
I=1
(Xa,I αI − Ya,I βI),
πO6 =
1
2
b3/2∑
I=1
LI αI .
(2.3)
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Therefore we get b3/2 = 1 + h21 tadpole cancellation conditions
k∑
a=1
NaXa,I = LI − LI,flux. (2.4)
Note that in F-theory compactifications the contribution to the 4-form tadpole is given by
L0 = χ/24 which can be larger than 32 and of order 10
2. Even though in this paper we
have a concrete model in mind, we often perform the analysis for more general values of
LI , as we expect the statistics not to depend too strongly on the details of the model. The
sLag condition
ℑ(Ω3)|πa = 0 (2.5)
takes the form
b3/2∑
I=1
Ya,I FI(U) = 0. (2.6)
Here FI =
∫
βI
Ω3. We also have to exclude anti-branes, leading to the additional condition
ℜ(Ω3)|πa > 0, (2.7)
which can be expanded as
b3/2∑
I=1
Xa,I UI > 0. (2.8)
The homogeneous complex structure coordinates are defined as UI =
∫
αI
Ω3.
In general, two D-branes wrapping some 3-cycles in M have a non-trivial intersection
number given by
Iab =
∑
I
Xa,I Yb,I − Ya,I Xb,I . (2.9)
It is well known that on the intersection locus we find Iab chiral multiplets in the bifun-
damental representation of the U(Na) × U(Nb) gauge symmetry supported on the pairs
of branes. Chiral fermions from the Ia′a intersections transform in the symmetric and
antisymmetric representation respectively.
The aim is to count solutions to the tadpole cancellation conditions (2.4) under the
constraints (2.6) and (2.8). Here we assume that the contribution from the orientifold
planes and possible other sources are fixed. Note that for a specific class of special La-
grangians the wrapping numbers XI and YI are no longer independent so that it might
indeed happen that the number of solutions to these equations is finite. In fact, the question
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about finiteness of solutions splits into two parts. First, are there finitely many solutions
for fixed LI and complex structures UI? Second, up to moduli space identifications of
solutions, are there only finitely many non-trivial complex structures allowed for fixed LI?
Of course we are not only interested in the actual number of solutions and how they
scale with the LI , but also in computing statistical distributions of physically more inter-
esting quantities like the rank of the gauge group, the number of families, the number of
Standard-like models, the number of GUT like models, etc. It would also be particularly
interesting to observe statistical correlations between different observables such as the rank
of the gauge symmetry and the number of families, as after all these might turn out to be
the only string theoretic predictions possible to detect on the string theory landscape.
We will develop techniques to analytically respectively semi-analytically get a hand on
the statistics of these brane solutions. To be concrete we will discuss our ideas elaborating
on the examples of intersecting D-brane models on the T 2, T
4
ZZ2
and T
6
ZZ2×ZZ2 backgrounds.
2.2. Background on concrete toroidal models
Let us summarise how these concrete examples as discussed in the literature fit into
the general scheme introduced in the previous section.
• M = T 2
For compactification on T 2, a special Lagrangian submanifold is specified by two
wrapping numbers (na, ma) around the fundamental 1-cycles. In this case these numbers
are precisely identical to the numbers (Xa, Ya) introduced in the previous section. The
supersymmetry condition (2.6) becomes Ya = 0, which is independent of the complex
structure U = R2/R1 on the rectangular torus and implies that all supersymmetric branes
must lie along the x-axis, i.e. on top of the orientifold plane. The second supersymmetry
condition (2.8) becomes Xa > 0. If we did not allow for multiple wrapping (as is usually
done in this framework), there would only exist one supersymmetric brane, namely the
one with (X, Y ) = (1, 0). Of course this is quite boring and in order to study the statistics
of this model and to develop general tools we will allow multiple wrappings. Finally, the
tadpole cancellation condition reads ∑
a
NaXa = 16. (2.10)
• M = T 2×T 2
ZZ2
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In this case, a class of special Lagrangian bulk branes is given by so-called factoris-
able branes, which are similar to the former case defined by two pairs of wrapping num-
bers (nI , mI). The wrapping numbers (XI , YI) with I = 1, 2 for the ZZ2 invariant two-
dimensional cycles are then given by
X1 = n1 n2, X2 = m1m2,
Y1 = n1m2, Y2 = m1 n2.
(2.11)
Note that these branes do not wrap the most general homological class, for the 2-cycle
wrapping numbers satisfy the relation
X1X2 = Y1 Y2. (2.12)
However, for a more general class we do not know what the special Lagrangians are. Via
brane recombination it is known that there exist flat directions in the D-brane moduli
space, corresponding to branes wrapping non-flat special Lagrangians. To avoid these
complications, in this paper we stick to the well understood branes introduced above.
However, keep in mind that since there are many more branes possible, the statistical
estimates we are going to present in this paper are actually a lower bound. We believe and
it remains to be proven that the qualitative features we derive from our analysis of this
restricted but still large set of branes are representative.
The untwisted tadpole cancellation conditions read∑
a
NaXa,1 = 8,∑
a
NaXa,2 = −8.
(2.13)
Note that in contrast to for instance the model discussed in [34], for simplicity we are only
considering bulk branes without any twisted sector contribution (see [41] for a treatment
of fractional branes in this framework). Defining Ω2 = (dx1 + iU1dy1)(dx2 + iU2dy2) the
supersymmetry conditions become
U1 Y1 + U2 Y2 = 0,
X1 − U1 U2X2 > 0.
(2.14)
The intersection number between two bulk branes has an extra factor of two
Iab = 2 (Xa,1Xb,2 +Xa,2Xb,1 − Ya,1 Yb,2 − Ya,2 Yb,1) . (2.15)
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• M = T 2×T 2×T 2
ZZ2×ZZ2
Here the situation is very similar. One introduces three pairs of wrapping numbers
(nI , mI), I = 1, 2, 3, in terms of which the 3-dimensional wrapping numbers can be ex-
pressed as
X0 = n1 n2 n3, X1 = n1m2m3, X2 = m1 n2m3, X3 = m1m2 n3,
Y0 = m1m2m3, Y1 = m1 n2 n3, Y2 = n1m2 n3, Y3 = n1 n2m3.
(2.16)
These are again not independent but satisfy a couple of relations
XI YI = XJ YJ for all I, J,
XI XJ = YK YL,
XL (YL)
2 = XI XJ XK ,
YL (XL)
2 = YI YJ YK for all I 6= J 6= K 6= L 6= I,
(2.17)
which by themselves are related. The tadpole cancellation conditions read∑
a
NaXa,0 = 8,∑
a
NaXa,I = −8 with I = 1, 2, 3.
(2.18)
Let us define the complex structures U˜I = R2,I/R1,I . Using Ω3 =
∏3
I=1(dxI+iU˜IdyI) and
defining UI = U˜J U˜K with I 6= J 6= K 6= I one can express the supersymmetry conditions
as
Y0 −
∑
I
YI
1
UI
= 0,
X0 −
∑
I
XIUI > 0.
(2.19)
3. Statistics of an eight dimensional toy model
As a simple toy model showing not all the complications of the Calabi-Yau case,
we discuss intersecting branes on T 2. Recall that in this case there is only one tadpole
cancellation condition which reads
k∑
a=1
NaXa = L. (3.1)
The task is now to count all unordered solutions to (3.1) with arbitrary number of stacks
k. This is a number theoretical problem, for which we have not found any solution in the
literature.
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3.1. Counting partitions
We proceed by first discussing an easier but apparently related problem, namely to
count unordered solutions (i.e. after dividing out permutations) to the constraint
k∑
a=1
Na = L. (3.2)
This is nothing else than to count the number of partitions of L. In particular, we would
be happy with a rough estimate for large L. To make this paper self-contained let us
discuss in some detail how one can arrive at such an estimate by using the saddle point
approximation (SPA), a well known and often applied technique from the mathematical
theory of asymptotic approximations [42,43].
Let us discuss two slightly different approaches to this problem. First note that the
problem of counting partitions is equivalent to counting solutions to the equation
∞∑
k=1
k nk = L, (3.3)
where the ordering issue is solved automatically. Now one writes
N (L) =
∑
sol
1 =
∑
all
δ∑
k
knk−L,0
=
1
2πi
∮
dq
1
qL+1
∞∑
nk=0
q
∑
k
knk
=
1
2πi
∮
dq
1
qL+1
∏
k
(
1
1− qk
)
.
(3.4)
The last line simply extracts the order L term in the generating function for the partitions,
which is the inverse of the well known Dedekind η-function. A common method to evaluate
the asymptotic expansion of such integrals is the saddle point approximation. Since we
intend to apply this method also for counting string vacua, let us discuss it in some more
detail.
First we write
N (L) = 1
2πi
∮
dq ef(q) (3.5)
with
f(q) = −
∞∑
k=1
log(1− qk)− (L+ 1) log q. (3.6)
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To evaluate this integral one assumes that the main contribution comes from the saddle
points q0, which are determined by the condition df/dq|q0 = 0. Here we assume that there
exists only one saddle point. Otherwise one has to sum over all saddle points. Setting
q = ρ exp(iϕ) we get
N (L) = 1
2π
∫ π
−π
dϕ q ef(q). (3.7)
The leading order saddle point approximation is then simply given by
N (0)(L) = ef(q0). (3.8)
One can compute the next to leading order approximation by Taylor expansion in ϕ
f(ρ0, ϕ) = f(q0) +
1
2
∂2f
∂ϕ2
|q0 ϕ2 + . . . (3.9)
and inserting it into (3.7). Using that (∂2f/∂ϕ2)q0 = −q2 (∂2f/∂q2)q0 , we obtain
N (2)(L) = 1
2π
ef(q0)
∫ q0π
−q0π
dx e−
1
2
(∂2f/∂q2)q0x
2
(3.10)
with x = q0ϕ. Thus for a sufficiently large second derivative one finally obtains
N (2)(L) = 1√
2π
ef(q0)√
∂2f
∂q2 |q0
. (3.11)
For later use we also give the analogous result for the saddle point approximation
when more than one variable is involved. Here one wants to approximate an integral
N (~L) = 1
2πi
∮ n∏
I=1
dqI e
f(~q), (3.12)
where f in general is of the form
f(~q) = g(~q)−
∑
I
(LI + 1) log qI . (3.13)
The saddle point is determined by the condition ∇f(~q)|~q0 = 0, which after Taylor expand-
ing f(~q) around the saddle point leads to the second order saddle point approximation of
(3.12)
N (2)(~L) = 1√
2π
n
ef(~q0)√
det
[(
∂2f
∂qI∂qJ
)]
q0
. (3.14)
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Now, let us first analytically evaluate the leading order contribution of (3.4). One
notices that for large L, the integrand quickly approaches infinity both for q < 1 and for
q ≃ 1, so that one expects a sharp minimum somewhere very close to q ≃ 1. Therefore we
write the integrand as exp(f(q)) with
f(q) = log
(∏
k
1
1− qk
)
− (L+ 1) log q. (3.15)
Close to q ≃ 1 we can write the first term in (3.15) as
log
(∏
k
1
1− qk
)
= −
∑
k
log(1− qk) =
∑
k,m>0
1
m
qkm
≃ 1
(1− q)
∑
m>0
1
m2
=
π2
6
1
(1− q)
(3.16)
so that (3.15) becomes
f(q) ≃ π
2
6
1
(1− q) − (L+ 1) log q. (3.17)
The minimum of this function is approximately at q0 ≃ 1−
√
π2
6L
, so that f(q0) ≃ π
√
2L/3.
To summarise, a first estimate of the growth of the partitions for large L is given by
N (L) ≃ eπ
√
2L/3. (3.18)
This is precisely the leading term in the celebrated Hardy-Ramanujan formula for the
asymptotic growth of the number of partitions
N (L)HR ≃ 1
4L
√
3
eπ
√
2L/3. (3.19)
As in the more complicated examples we are going to discuss in this paper an analytic
approach is not always feasible, let us also numerically evaluate the saddle point conditions
and compare the exact, the leading order and the next to leading order approximations.
The resulting three curves for Ln(N (L)) are shown in Figure 1.
This shows that the second order saddle point approximation provides a very good
estimate for the behaviour of the number of partitions. To illustrate this even more we
have listed in Table 1 the values for the number of partitions resulting from an exact com-
putation, the Hardy-Ramanujan formula and the second order saddle point approximation.
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Fig. 1: Number of partitions: The solid line shows the exact number of
partitions, the upper dotted line the leading order saddle point approximation
and the lower dotted line the second order.
It is quite impressive that the numerically evaluated saddle point method is even better
than the Hardy-Ramanujan formula.
L N (L) N (L)HR N (2)(L)SPM
1 1 1.88 0.73
2 2 2.72 1.51
3 3 4.09 2.65
4 5 6.10 4.33
5 7 8.94 6.72
6 11 12.88 10.09
7 15 18.27 14.75
8 22 25.54 21.10
9 30 35.25 29.65
10 42 48.10 41.06
Table 1: Comparison of asymptotic approximations for N (L)
Recall that in order to get this nice result we reformulated the problem of finding
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solutions to (3.2). In view of our original goal to find unordered solutions to the tadpole
cancellation condition (3.1), it would be nice if we could also count the number of partitions
using the original equation
k∑
a=1
Na = L. (3.20)
Here the number of stacks is a free parameter over which we have to sum eventually. Since
we are only interested in unordered solutions, a rough estimate would be that we divide
the number of ordered solutions by k!. Of course this too heavily suppresses solutions
when some of the Na are equal. However, introducing the precise combinatorial factors is
partition dependent and does not simplify the problem. Therefore, let us see how far we
can get with the naive k! factor. Proceeding now analogously to the former case, we write
the total number of solutions as
N˜ (L) ≃ 1
2πi
∮
dq
1
qL+1
∞∑
k=1
1
k!
∞∑
N1=1
. . .
∞∑
Nk=1
q
∑
a
Na =
1
2πi
∮
dq
1
qL+1
∞∑
k=1
1
k!
( ∞∑
N=1
qN
)k
=
1
2πi
∮
dq
1
qL+1
∞∑
k=1
1
k!
(
q
1− q
)k
=
1
2πi
∮
dq
1
qL+1
exp
(
q
1− q
)
.
(3.21)
Applying again the saddle point method yields
f˜(q) =
q
1− q − (L+ 1) log q (3.22)
and leads to the final analytic result for the leading order approximation
N˜ (L) ≃ e2
√
L. (3.23)
We conclude that in this approximation we get the right growth e
√
L and only the numerical
coefficient is slightly smaller
logN
log N˜ =
π√
6
≃ 1.28. (3.24)
Now we can also numerically determine the saddle points and compute the leading and
next to leading order results. These are shown in Figure 2.
As expected we realize that for the second order approximation the curve lies below
the exact result, but at least qualitatively gives a reasonable result. The difference is due
to the fact that the 1/k! combinatorial factor is responsible for too large a suppression of
partitions with identical terms. However, note that it was precisely this crude factor which
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Fig. 2: Saddle point approximation: The solid line denotes the exact num-
ber of partitions, the dotted line the leading order SPA and the stared line
the second order. Moreover, we have shown with triangles the second order
approximation with the analytic factor 1.28 included.
allowed us to proceed with the computation in the first place and to simplify the integrals
considerably. Keeping in mind that we cannot expect to obtain always quantitatively
completely accurate results, from now on we apply the saddle point method for counting
solutions to the tadpole conditions. What we are mainly aiming at is to get qualitatively
correct pictures of the distributions of various physical quantities. Comparing our results
with a brute force computer search reveals that also the quantitative agreement in certain
cases is fairly good.
3.2. A comment on counting rigid branes
The string models we are going to consider in this paper mostly have the feature that
the D-branes allow for continuous displacements and Wilson lines, i.e. the cycles they
wrap are not rigid. For more realistic models it is however desirable to get rid of the extra
adjoint scalars and consider rigid cycles instead 2.. Then the question arises whether this
drastically changes the statistics of the D-brane sector. As an indication that one does not
2 We would like to thank M.R. Douglas for encouraging us during the ”String Vacuum Work-
shop” in Munich to study the effects discussed in this section and in section 3.7.
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expect this to happen, at least qualitatively, let us consider the analogous question for the
related problem of counting partitions.
For rigid branes, one is not allowed to have two stacks with identical wrapping num-
bers. Analogously, we would like to count unordered partitions where each term can only
appear once. This is like Fermi statistics and the exact expression for this number Q(L)
takes the familiar form
Q(L) = 1
2πi
∮
dq
1
qL+1
∏
k
(
1 + qk
)
. (3.25)
Let us write the integrand as exp(f(q)) with
f(q) = log
(∏
k
(1 + qk)
)
− (L+ 1) log q. (3.26)
Close to q ≃ 1 we can write the first term in (3.26) as
log
(∏
k
(1 + qk)
)
=
∑
k
log(1 + qk) =
∑
k,m>0
(−1)m+1
m
qkm
≃ 1
(1− q)
∑
m>0
(−1)m+1
m2
=
π2
12
1
(1− q) .
(3.27)
Proceeding in the same way as above, we find that the minimum of this function is ap-
proximately at q0 ≃ 1−
√
π2
12L , so that
Q(L) ≃ eπ
√
L/3. (3.28)
Therefore, in the leading order saddle point approximation N (L) and Q(L) show qualita-
tively the same exponential growth with
√
L and
logN
logQ =
√
2. (3.29)
The leading order saddle point approximation gives the exponential term in the well known
asymptotic expansion for Q(L)
Q(L) ≃ 1
4 · 3 14 L 34 e
π
√
L/3. (3.30)
We consider these results as evidence that qualitatively the distributions of physical ob-
servables do not change for rigid branes.
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3.3. Counting tadpole solutions
Now that we have convinced ourselves that, from a pragmatic point of view, the
second approach from section (3.1) gives already a good estimate, we want to apply the
same method to count the solutions of the tadpole condition
k∑
a=1
NaXa = L. (3.31)
By the same reasoning we compute
N (L) ≃ 1
2πi
∮
dq
1
qL+1
∞∑
k=1
1
k!
∞∑
N1=1
L∑
X1=1
. . .
∞∑
Nk=1
L∑
Xk=1
q
∑
a
NaXa
=
1
2πi
∮
dq
1
qL+1
∞∑
k=1
1
k!
(
L∑
X=1
qX
1− qX
)k (3.32)
so that the saddle point function f reads
f(q) =
L∑
X=1
qX
1− qX − (L+ 1) log q. (3.33)
Close to q ≃ 1 we find the analytical expression
f(q) ≃ 1
1− q
L∑
X=1
1
X
− L log q ≃ logL
1− q − L log q. (3.34)
In this approximation the saddle point is at qmin = 1−
√
logL
L , so that
N (L) ≃ e2
√
L logL. (3.35)
A rough intuitive understanding of this result can be gained as follows. In order to solve
(3.31) one first divides L into its partitions and then one writes each term as a product of
two positive integer numbers. We know already that the number of partitions scales like
e2
√
L. On the other hand it is known in number theory that the function σ0(n) of divisors
of an integer n has the property
1
L
L∑
n=1
σ0(n) ≃ logL+ (2γE − 1), (3.36)
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where γE denotes the Euler-Mascheroni constant. We think that this explains the appear-
ance of the (logL) factor in (3.35). Of course, further L-dependent corrections will arise
from the sub-leading second order terms in the SPA.
In order to test these results one can now compare the three different approaches to
unravel the statistics of solutions of the tadpole equation.
• First the numerical approach, where one performs for varying L a brute force computer
search for all solutions to the tadpole conditions. This is the most time consuming
and less elegant method but it really gives the exact number of solutions.
• Second, we can use the analytical saddle point function f(q) (3.33) and using MATH-
EMATICA determine numerically the saddle points for varying L. Here only the sum
over all possible wrapping numbers for just a single stack of branes occurs, which a
computer can easily handle in O(1) seconds. We call this approach semi-analytic and
it will be the most powerful one for the more complicated 6D and 4D models.
• Third, one can try to estimate the locations of the saddle points and derive an analytic
expression for N (L). In the easy example above it was possible to do so, but in more
complicated examples it gets more and more complicated. We call this approach the
analytic one.
In Figure 3 we display the result for the total number of solutions to the tadpole
cancellation condition for varying number of L. Here we compare the result of the exact
numerical analysis with the outcome of the second order semi-analytic SPA.
5 10 15 20 25 L
1
2
3
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N(L)
Fig. 3: Number of solutions for varying L. The dotted line denotes the
result of the exact analytic computer search and the solid line the outcome
of the second order SPA.
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As expected the saddle point curve lies below the exact results, but nevertheless
captures all of the qualitative features.
3.4. Probability of SU(M) gauge symmetry
We are also interested in the percentage of models containing at least one SU(M)
gauge factor. With the same methods as above this can be written as
P (M) ≃ 1
2πiN (L)
∮
dq
1
qL+1
∞∑
k=1
1
(k − 1)!
(
L∑
X=1
qX
1− qX
)k−1 L∑
X=1
∞∑
N=1
qNXδN,M
=
1
2πiN (L)
∮
dq
1
qL+1
exp
(
L∑
X=1
qX
1− qX
)
qM
(
1− qML
1− qM
)
.
(3.37)
The corresponding saddle point function reads
f(q) =
L∑
X=1
qX
1− qX + log
[
qM
(
1− qML
1− qM
)]
− (L+ 1) log q. (3.38)
We can either numerically search for saddle points of this function or we can observe that
for M ≪ L the second, M dependent term in (3.38) is just a small perturbation. In this
case we expect that in leading order the saddle point does not change, so that we have
only to evaluate (3.38) at qmin = 1−
√
logL
L
. Doing this for large L one expects that the
probability to find an SU(M) gauge factor scales like
P (M) ≃ exp
(
−
√
logL
L
M
)
(3.39)
with the normalisation chosen appropriately. In Figure 4 we have shown the distribution
of probabilities for at least one SU(M) factor for L=25.
We notice that the exact and the semi-analytic computation nicely agree. Since we
are computing a normalized quantity the quantitative agreement is even better than for
the total number of states.
Analogously, the probability to find a product gauge symmetry
∏
i SU(Mi) for∑
iMi ≪ L is
P ( ~M) ≃ exp
(
−
√
logL
L
∑
i
Mi
)
, (3.40)
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Fig. 4: Probability of at least one SU(M) gauge factor for L=25. The dotted
line shows the exact computer search result and the solid line the second order
SPA.
which shows that in this approximation it only depends on the rank of the gauge symmetry.
Therefore, in this regime we have mutual independence of the occurrences of SU(M) gauge
factors, i.e.
P ( ~M) =
∏
i
P (Mi). (3.41)
This behaviour is expected to break down for
∑
iMi ≃ L.
3.5. The average rank
Another gauge theoretic quantity we can compute is the expectation value of the rank
of the gauge group in the ensemble of solutions to the tadpole cancellation condition. The
integral for the saddle point approximation can be simplified and written in the form
〈rank(G)〉L ≃ 1N (L) 2πi
∮
dq
1
qL+1
∞∑
k=1
1
k!
∞∑
N1=1
L∑
X1=1
. . .
∞∑
Nk=1
L∑
Xk=1
q
∑
a
NaXa
(∑
a
Na
)
≃ 1N (L)(2πi)
∮
dq exp
(
L∑
X=1
qX
1− qX + log
(∑
X
qX
(1− qX)2
)
− (L+ 1) log q
)
.
(3.42)
For L = 25 we obtain the curves in Figure 5.
Apparently, the SPA provides a very good estimate and the average rank scales like
L/2.
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Fig. 5: The average rank. The dotted line shows the exact computer search
result and the solid line the second order SPA.
3.6. The rank distribution
Next we would like to investigate the probability to get a gauge group of rank r. This
means that we also have to implement the constraint
∞∑
a=1
Na = r, (3.43)
which we again do by writing the Kronecker delta as a contour integral. Thus,
P (r) ≃ 1
2πiN (L)
∮
dq
1
qL+1
∮
dz
1
zr+1
∞∑
k=1
1
k!
∞∑
N1=1
L∑
X1=1
. . .
∞∑
Nk=1
L∑
Xk=1
q
∑
a
NaXa z
∑
a
Na
=
1
2πiN (L)
∮
dq
1
qL+1
∮
dz
1
zr+1
exp
(
L∑
X=1
z qX
1− z qX
)
(3.44)
with the corresponding saddle point function
f(q, z) =
L∑
X=1
z qX
1− z qX − (L+ 1) log q − (r + 1) log z. (3.45)
Numerically determining the saddle point in the two variables q and z we find the Gaussian
like distribution shown in Figure 6, where we have also displayed the exact numerical result.
Again the qualitative agreement is good, the exact curve simply reflects the number theory
behind this distribution.
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Fig. 6: The rank distribution for L = 25. The dots show the exact results
and the solid line the distribution coming from the SPA.
Let us give a heuristic argument for the appearance of the Gauß curve. We have
already found that the likelihood for the occurrence of a gauge group of rank r is
exp(−
√
γ−1r) with γ = L/ logL. In addition, we have the partition of r ways to dis-
tribute the Na. Therefore, the probability to find rank r should behave like
P (r) ≃ exp
(
2
√
r − γ−1/2r
)
≃ exp
(
−(
√
r −√γ)2√
γ
)
. (3.46)
From this argument we expect the maximum of the distribution to be at rmax = L/ logL.
The width of the Gaussian is ∆r =
√
L/ logL, so that the relative width ∆r/rmin =√
logL/L decreases for larger L.
Since supersymmetry requires Ya = 0 for all D-branes, in this case the intersection
number Iab between pairs of branes always vanishes. In this respect our simple toy model
is not general enough, so that now we move forward and generalise the methods developed
in this section to the more interesting 6D and 4D models.
3.7. A comment on counting quantum vacua
In this paper we mainly consider the statistics of classical vacua of intersecting D-
brane models. In [12] it was suggested that one should also count quantum vacua, in the
sense that the number of such vacua of a four-dimensional N = 1 supersymmetric gauge
theory is given by the Witten index [44]. For a pure SU(N) gauge theory this index is
given by N . In this section we would like to briefly discuss what happens when we take
such an N -fold degenerary into account for our toy model.
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The number of quantum vacua would be given by
NQ(L) ≃ 1
2πi
∮
dq
1
qL+1
∞∑
k=1
1
k!
∞∑
N1=1
L∑
X1=1
. . .
∞∑
Nk=1
L∑
Xk=1
(∏
a
Na
)
q
∑
a
NaXa
=
1
2πi
∮
dq
1
qL+1
∞∑
k=1
1
k!
(
L∑
X=1
qX
(1− qX)2
)k (3.47)
so that the saddle point function f reads
f(q) =
L∑
X=1
qX
(1− qX)2 − (L+ 1) log q. (3.48)
Close to q ≃ 1 we find the analytical expression
f(q) ≃ 1
(1− q)2
L∑
X=1
1
X2
− L log q ≃ π
2
6
1
(1− q)2 − L log q. (3.49)
In this approximation the saddle point is at qmin = 1−
(
π2
3L
)1/3
so that the leading order
saddle point approximation reads
NQ(L) ≃ exp
(
αL
2
3
)
(3.50)
with α = π
2+3
31/3·π4/3 ≃ 1.94.
In Figure 7 we show the numerical leading order saddle point approximation con-
firming the scaling (3.50). This admittedly very simplified picture shows that taking the
quantum degeneracy into account induces a slight change in the exponential growth
logNQ
logN ≃ L
1
6 . (3.51)
4. Statistics of a 6D model
In this section, employing analogous methods as developed in the previous one we
investigate the statistics of the six-dimensional intersecting brane model on the orientifold
T 4/ZZ2. The two main new features as compared to the 8D case are the complex structure
dependence of the supersymmetry conditions and the possibility of chiral supersymmetric
models. To begin with, let us show that the model actually admits only a finite number
of inequivalent solutions to the tadpole cancellation conditions.
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Fig. 7: The total number of quantum vacua for L = 50. The dots show
the leading order saddle point approximation and the solid line the curve
2.2 · L 23 / log 10.
4.1. Finiteness of solutions
Recall the general features of this model mentioned in section 2. Besides these we will
show in appendix A that the relative coprime property of the wrapping numbers (nI , mI)
translates into the following relation for the wrapping numbers (XI , YI)
gcd(X1, Y2) gcd(X2, Y2) = Y2. (4.1)
Here we have assumed non-vanishing XI and YI . In configurations with some wrapping
numbers vanishing we only admit (X1, X2) ∈ {(0,−1), (1, 0)} with Y1 = Y2 = 0 to exclude
multiple wrapping.
In order to decide if the number of stable solutions is finite, we need to extract the
restrictions on possible choices of UI imposed by supersymmetry (2.14) and the tadpole
cancellation conditions (2.13). It is clear that the supersymmetry conditions can only have
non-trivial solutions if U1/U2 ∈ IQ. Now, writing U1/U2 = u1/u2 for coprime integers
u1, u2, we find from (2.14) that Y1 = u2 y1 for some integer y1, in terms of which (2.12)
reads
X1X2 = −u1 u2 (y1)2. (4.2)
It follows that at least one of the XI has to be non-vanishing, in which case the second
supersymmetry condition becomes vacuous once (2.13) and (2.14) are satisfied. Note
furthermore that due to the reflection symmetry of the wrapping numbers we will stick in
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the following to the case that Xa,1 > 0 and change X2 → −X2 so that all XI are now
positive.
To summarise, we have to analyse all possible solutions to the equations
k∑
a=1
NaXa,1 = L1,
k∑
a=1
NaXa,2 = L2
(4.3)
for non-negative integers (Xa,1, Xa,2) 6= (0, 0) such that
α :=
√
Xa,1Xa,2
u1 u2
∈ ZZ (4.4)
and
gcd(Xa,1, u1 α) gcd(Xa,2, u1 α) = u1 α. (4.5)
This means that for fixed complex structures and bounds L1 and L2 the number of su-
persymmetric solutions to the tadpole cancellation conditions is finite. We denote the set
of wrapping numbers X1, X2 satisfying (4.4) for fixed complex structure as SU . Note that
we allow for different stacks having the same wrapping numbers, which means that the
branes do have open string moduli corresponding to the position and continuous Wilson
lines of the branes.
It remains to be seen that also only a finite number of complex structures are allowed.
In this respect we realise that for given L1, L2 solutions with at least one stack of branes
where X1 > 0 and X2 > 0 are possible only for those complex structures satisfying
u1 u2 ≤ L1 L2. (4.6)
In those cases, the factorisability of the branes and supersymmetry restrict the admissible
ratios of complex structures to only a finite number of possibilities. Of course, we can still
rescale U1 and U2 by the same factor, which implies that in these models only one of the
two complex structure moduli is fixed and one is left as a free parameter.
From what we said, it is appropriate to distinguish two classes of models. In the
first class we have u1 u2 ≤ L1 L2 and both branes satisfying ( X1 > 0 and X2 > 0) and
branes satisfying (X1 = 0 or X2 = 0) are present. If a solution to the tadpole cancellation
condition contains at least one brane with ( X1 > 0 and X2 > 0), then one complex
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structure modulus is fixed, namely U1/U2. If the solution only contains branes of the
other type, then both complex structures are free parameters. The second class consists
of configurations where u1 u2 > L1 L2 and only branes satisfying (X1 = 0 or X2 = 0)
are present. For coprime wrapping numbers these are only two branes. Apparently, all
the solutions to the tadpole cancellation conditions we can get are already contained in
the first class, so that we can dismiss the second class. The upshot of this discussion is
that, if we count solutions to the tadpole cancellation conditions modulo moduli space
identifications, then the overall number of solutions to the tadpole cancellation conditions
is finite.
Given the supersymmetry constraints above, one can simplify further the intersection
number
Iab = −2 (Xa,1Xb,2 +Xa,2Xb,1 + Ya,1 Yb,2 + Ya,2 Yb,1) (4.7)
between two 3-cycles. After some little algebra one arrives at the expressions
Iab = −2
(√
Xa,1Xb,2 −
√
Xa,2Xb,1
)2
,
Ia′b = −2
(√
Xa,1Xb,2 +
√
Xa,2Xb,1
)2
,
(4.8)
which immediately imply Iaa = 0 and Ia′a = −8Xa,1Xa,2. Apparently, the intersection
number is negative definite. This is well in accord with the expectation from N = 1
supersymmetry in six dimensions, namely that all bifundamental matter fields transform
in hypermultiplets and not in vectormultiplets. For the intersection of the orientifold plane
with a D-brane we get
IOa = −4 (Xa,1 +Xa,2). (4.9)
4.2. Counting tadpole solutions
Now we proceed completely analogously to the 8D example and first compute the total
number of solutions to the tadpole cancellation conditions for fixed complex structures,
U1, U2. Again in the occurring integrals the sums over the numbers of branes Na can be
carried out explicitly and yield geometric series. One can write the final result as
N (L1, L2) ≃ 1
(2πi)2
∮
dq1 dq2 exp
( ∑
XI∈SU
qX11 q
X2
2
1− qX11 qX22
− (L1 + 1) log q1 − (L2 + 1) log q2
)
.
(4.10)
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Fig. 8: The total number of models for L2 = 8, varying L1 and (u1 = 1, u2 =
1). The upper dots show the distribution with multiple wrapping numbers
allowed and the lower stared line the case with coprime wrapping numbers.
The asymptotic growth of this expression can be deduced by the saddle point approxima-
tion now in two variables q1, q2. In Figure 8 we show the result of a numerical evaluation
of this saddle point for the case of L2 = 8 and varying L1. As expected the curve for
coprime wrapping numbers lies under the line with multiple wrappings allowed.
For L2 = 16 we get the result shown in Figure 9. Quite surprisingly for fixed L2 this
still scales like exp(
√
L1 logL1) so that the 8D toy model gave already a good impression
of how the situation is for more realistic models.
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Fig. 9: The total number of models for L2 = 16 and (u1 = 1, u2 = 1)
For the case of coprime wrapping numbers we have also carried out a brute force
computer search for all solutions to the tadpole conditions. The resulting curve for the
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total number of solutions is plotted in Figure 10. As expected from the too strong 1/k!
suppression, the saddle point approximation lies below the exact curve. However, qualita-
tively we find the same scaling and if we multiply the saddle point result by the factor 1.28
found for the number of partitions in section 3.1, we indeed find quite good agreement.
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Fig. 10: The total number of models for L2 = 8 and (u1 = 1, u2 = 1).
The dotted line is the result of the exact computer search, the solid line
the prediction from the second order SPA and the dashed line the latter
distribution scaled with the factor 1.28.
4.3. Probability of SU(M) gauge symmetry
Next for fixed LI we investigate the probability to find at least one SU(M) gauge
factor, which leads to the expression
P (M,LI) ≃ 1N (L1, L2)(2πi)2
∮
dq1 dq2 exp
( ∑
XI∈SU
qX11 q
X2
2
1− qX11 qX22
+ log
( ∑
XI∈SU
qMX11 q
MX2
2
)
− (L1 + 1) log q1 − (L2 + 1) log q2
)
.
(4.11)
In Figure 11 we show the resulting distribution for L1 = 8 and L2 = 8 and realise that as
in the 8D case it still decreases exponentially with M .
For the choice L1 = 16 and L2 = 16 the distribution looks like shown in Figure 12. For∑
iMi ≪ L1+L2 we again find that the occurrence of a gauge factor
∏
i SU(Mi) is given
by the product of the probabilities for the occurrence of each factor, P ( ~M) =
∏
i P (Mi).
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Fig. 11: The probability for finding at least one SU(M) gauge factor for
L1 = L2 = 8 and complex structure (u1 = 1, u2 = 1). The dotted line is the
result of the exact computer search for coprime wrapping numbers, which has
to be compared with the solid line showing the second order SPA.
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Fig. 12: The probability for finding at least one SU(M) gauge factor for
L1 = L2 = 16. The dotted line is the SPA for non-coprime wrapping, the
stared line gives the result for coprime wrapping numbers.
4.4. The average rank
In this section we would like to compare the expectation value of the rank of the gauge
group for fixed L2 and varying L1 as computed from the exact computer search and the
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second order SPA. The integral for the latter can be simplified and written in the form
〈rank(G)〉L1 ≃
1
N (L1, L2)(2πi)2
∮
dq1 dq2 exp
( ∑
XI∈SU
qX11 q
X2
2
1− qX11 qX22
+ log
( ∑
XI∈SU
qX11 q
X2
2
(1− qX11 qX22 )2
)
− (L1 + 1) log q1 − (L2 + 1) log q2
)
.
(4.12)
As in the 8D case, the average rank is approximately at (L1 + L2)/2. For L2 = 8 and
(u1, u2) = (1, 1) we have obtained the two curves in Figure 13. Apparently, the SPA
provides a very good estimate.
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Fig. 13: The average rank for coprime wrapping numbers with fixed L2 = 8
and (u1, u2) = (1, 1). The dots show the exact computer search result and
the solid line the second order SPA.
4.5. The rank distribution
The likelihood to find a gauge group of rank r =
∑
aNa can be determined from the
integral
P (r, LI) ≃ 1N (L1, L2) (2πi)3
∮
dq1 dq2 dz exp
( ∑
XI∈SU
z qX11 q
X2
2
1− z qX11 qX22
− (L1 + 1) log q1
− (L2 + 1) log q2 − (r + 1) log z
)
.
(4.13)
In Figure 14 we show the distribution of the rank of the gauge group for coprime wrapping
numbers both for the exact computation and the second order SPA. We see that the exact
32
5 10 15 20
r
0.05
0.1
0.15
0.2
P(r)
Fig. 14: The rank distribution for L1 = 10, L2 = 8 and (u1, u2) = (1, 1) and
coprime wrapping numbers. The dots are the exact results and the solid line
the SPA.
values scatter around the saddle point result. Since we are not really at large values of the
LI , this is to be expected. The exact results still show number theoretic deviations from
the probably smooth asymptotic behaviour.
Figure 15 displays the saddle point result for the distribution of the rank of the
gauge group both for coprime and non-coprime wrapping numbers and LI = 8. For
non-coprime wrapping numbers, the distribution again is Gaussian, where the maximum
lies approximately at (L1 + L2)/2. For coprime wrapping numbers the distribution also
looks Gaussian, where however the maximum has been shifted towards larger values of the
rank. This can be understood from the fact that for large values of the wrapping numbers
(X1, X2) the coprime condition becomes harder to satisfy. Large values of (X1, X2) are
therefore suppressed, which due to the tadpole cancellation conditions means that smaller
values of Na and therefore of the rank appear less frequently.
Let us also discuss what happens for other values of the complex structure moduli.
One example for coprime wrapping numbers is shown in Figure 16, where we compare for
L1 = L2 = 16 the distribution for (u1, u2) = (1, 1) and (u1, u2) = (20, 1). Apparently,
for large complex structures larger values of the rank are preferred and the nice Gaussian
shape of the distribution is lost or rather the Gauss curve has been shifted so much to
large values of r that only part of the left wing is visible.
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Fig. 15: The rank distribution for L1 = L2 = 8 and (u1, u2) = (1, 1). Dots:
multiple wrapping, stars: coprime wrapping numbers.
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Fig. 16: Comparison of rank distributions for complex structures (u1, u2) =
(1, 1) (empty stars) and (u1, u2) = (20, 1) (filled stars) in the case of coprime
wrappings and L1 = L2 = 16.
4.6. Sum over complex structures
So far we have just evaluated the various distributions for the case that the LI and
complex structures are fixed parameters. Even though for concrete applications the LI
are indeed fixed, the complex structures are not. The values at which they are frozen by
the supersymmetry constraints depend on the concrete solution of the tadpole cancellation
conditions. In Figure 17 we show the allowed values of the coprime numbers (u1, u2).
It is now an interesting question whether the summation over all these complex struc-
tures destroys the qualitative features we have seen for instance for the distribution of the
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Fig. 17: Allowed values of complex structures for L1 = L2 = 8
rank of the gauge group. It could very well be that any distinctive feature gets lost and
one eventually obtains a uniform distribution. We have carried out such an additional
average for the case LI = 8 with the result shown in Figure 18. Apparently, we still get
shifted Gauss like curves, which shows that the average over the complex structures is far
from leading to a uniform distribution.
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Fig. 18: Total distribution of the rank of the gauge group after adding up
all possible complex structures. We choose L1 = L2 = 8. Dots: multiple
wrapping, stars: coprime wrapping numbers.
4.7. The chirality distribution
In order to proceed, one has to choose a good measure for the chirality in the system.
One possibility would be to compute the distribution of intersection numbers Iab between
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different stacks of branes. This is precisely what we will propose in the 4D case, but since
the 6D case is not of phenomenological importance we choose a simpler quantity involving
only one set of branes like Ia′a = −8Xa,1Xa,2. This index counts the net number of chiral
fermions in the anti-symmetric plus symmetric representation of the gauge group. Since
this index only depends on the wrapping numbers, the constraint Xa,1Xa,2 = χ can be
easily implemented in the saddle point integrals. The sum over one stack is restricted to
those wrapping numbers SU,χ satisfying the constraint.
For the distribution of this intersection number in the ensemble of 6D intersecting
brane models with fixed complex structure and LI one obtains
P (χ, LI) ≃ 1N (L1, L2) (2πi)2
∮
dq1 dq2 exp
[ ∑
XI∈SU
qX11 q
X2
2
1− qX11 qX22
− log
( ∑
XI∈SU
qX11 q
X2
2
1− qX11 qX22
)
+ log
 ∑
XI∈SU,χ
qX11 q
X2
2
1− qX11 qX22

− (L1 + 1) log q1 − (L2 + 1) log q2
]
.
(4.14)
Due to the supersymmetry constraint (4.4), it is clear that for (u1, u2) = (1, 1) only those
χ appear which can be written as a square χ = α2. In Figure 19 we show the resulting
distribution for LI = 8. It is obvious that small values for the chirality index are favoured.
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Fig. 19: The chirality distributions for LI = 8 and (u1, u2) = (1, 1). Dots:
multiple wrapping, stars: coprime wrapping numbers.
To get a better impression about the scaling, we show for the choice LI = 16 and
(u1, u2) = (1, 1) a logarithmic plot for non-coprime wrapping numbers in Figure 20. From
there we deduce that the scaling is roughly like P (χ) ≃ exp(−κ√χ), which could be ex-
pected as the wrapping numbers XI,a and the numbers of branes Na appear symmetrically
in the tadpole cancellation conditions.
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Fig. 20: The chirality distributions for LI = 16, (u1, u2) = (1, 1) and non-
coprime wrapping numbers.
4.8. Statistical correlations
To conclude our discussion of the statistics of the 6D model, we compute the distri-
bution of the rank of the gauge group and the chirality index at the same time. We are
particularly interested in searching for a statistical correlation between these two quanti-
ties, as expected from the tadpole cancellation conditions, which involve the Na related to
the rank and the Xa related to χ. The distribution is given by
P (χ, r, LI) ≃ 1N (L1, L2) (2πi)3
∮
dq1 dq2 dz exp
[ ∑
XI∈SU
z qX11 q
X2
2
1− z qX11 qX22
− log
( ∑
XI∈SU
z qX11 q
X2
2
1− z qX11 qX22
)
+ log
 ∑
XI∈SU,χ
z qX11 q
X2
2
1− z qX11 qX22

− (L1 + 1) log q1 − (L2 + 1) log q2 − (r + 1) log z
]
.
(4.15)
Evaluating this threefold integral via a numerical saddle point approximation results in
the plot shown in figure 21.
From this plot one can already guess that the maximum of r for fixed χ depends on
χ. In fact it appears that for larger χ the r distribution moves towards smaller values
of the rank. Since the rank only depends on the various numbers of D-branes and the
chirality only on the wrapping numbers, the tadpole cancellation conditions imply that
these numbers are not independent. In fact larger values of χ mean smaller values of
the Na. What we see in the figure is the statistical manifestation of this string theoretic
constraint. By looking at the plot from the another direction this correlation is even more
obvious.
37
510
15
rank(G)
1
2
3
4
5
6
chi^(1/2)
0
0.02
0.04
0.06
0.08
P
Fig. 21: Rank-chirality correlation for non-coprime wrapping numbers, LI =
8 and (u1, u2) = (1, 1).
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Fig. 22: Rank-chirality correlation
We can also directly compute how for fixed values of the chirality χ the position of
the maximum of P (χ, r) shifts towards smaller values of r. The result is shown in Figure
23.
We conclude from this 6D intersecting D-brane model that the stringy tadpole can-
cellation conditions imply a statistical correlation of the rank of the gauge group and its
chiral matter content.
5. Statistics of a 4D model
Now we come to the physically most interesting case of a four dimensional model. In
this section we first proceed completely analogously to the higher dimensional examples
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Fig. 23: Shift of the maximum in r for different values of χ.
and discuss the various distributions for essentially fixed LI . However, it turned out
that some computations already become quite time consuming so that we postpone their
presentation to a future publication [36]. Instead, in section 6 we will combine the gauge
theory sector in the T-dual picture with a flux compactification and perform the statistics
taking both sectors into account.
We now consider intersecting branes on the T 6/ZZ2 × ZZ2 orbifold without discrete
torsion [28]. As compared to the 6D case, this model shows some new features, e.g. the
possibility of negative contributions to the tadpole cancellation conditions from supersym-
metric branes. Therefore, it seems less obvious that also for fixed complex structure only
a finite number of solutions exists. We will argue in the next section that this is indeed
the case. The reader who is not so interested in these technical details may jump directly
to section 5.2.
5.1. Finiteness of solutions
After recalling the definitions of the model from section 2.2, we would like to add
that the coprime condition on the wrapping numbers (nI , mI) translates into the following
condition on the 3-cycle wrapping numbers
3∏
I=1
gcd(Y0, XI) = Y
2
0 . (5.1)
The proof for this can be found in Appendix B. Now we would like to evaluate the various
conditions the wrapping numbers (XI , YI) have to satisfy in order to see whether finitely
many solutions exist.
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First, we want to write the expressions more symmetrically and transform (XI , YI)→
(−XI ,−YI) for I = 1, 2, 3. Moreover we define U0 = 1, which allows us to write the
supersymmetry conditions as ∑
I
YI
1
UI
= 0,∑
I
XIUI > 0,
(5.2)
whereas the general consistency conditions are
XI YI = XJ YJ for all I, J,
XI XJ = −YK YL,
XL (YL)
2 = −XI XJ XK ,
YL (XL)
2 = −YI YJ YK for all I 6= J 6= K 6= L 6= I.
(5.3)
Multiplying each of the four tadpole equations∑
a
NaXa,I = LI (5.4)
by UI and adding them all up yields together with (5.2) the constraint
0 <
3∑
I=0
XI UI ≤
∑
I
LI UI . (5.5)
Now let us distinguish the three cases that either one, two or four of the XI are non-
vanishing. The case that only one XI vanishes is excluded by (5.3).
For the case that only one XI is non-vanishing, the brane lies precisely on top of one
of the four orientifold planes and supersymmetry imposes no constraint on the complex
structures.
In the case that two XI are non-vanishing, we are exactly in the situation we discussed
for the 6D model. Supersymmetry implies that the XI > 0 so that the contributions to
the tadpole conditions are non-negative. In addition, one of the three complex structures
is fixed at a rational value, whereas the other two remain as free parameters.
Some new aspects appear for the case of all XI non-vanishing. The constraints (5.3)
imply immediately that an odd number of the XI have to be negative.
If three Xi < 0 and, say, XA > 0, then the supersymmetry condition can be written
as ∑
I
YI
1
UI
=
YA
UA
(
1 +
∑
i
XA UA
Xi Ui
)
= 0, (5.6)
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which implies Xi Ui < −XA UA for all i. However, this is in contradiction with the other
supersymmetry condition
XA UA
(
1 +
∑
i
Xi Ui
XA UA
)
> 0, (5.7)
so that we conclude that no supersymmetric branes with three Xi < 0 exist.
What remains is the case that three Xi > 0 and one XA < 0. In this case the same
argument as above yields Xi Ui > −XA UA and does not give any contradiction. Note that
the supersymmetry condition (5.6) allows us to express XA in terms of the positive Xi
XA = − 1∑
i
UA
UiXi
. (5.8)
The upper bound in (5.5) can be further evaluated as
∑
I
LI UI ≥ XA UA +
∑
j
Xj Uj > Xi Ui > 0 (5.9)
for any of the three possible i, where we have used the relation Xi Ui > −XA UA.
As in the 6D case, we can argue that if we take a sufficient number of these branes,
then the complex structures are fixed at rational values. So let us write UI = uI,2/uI,1
with uI,2, uI,1 ∈ IN and relatively coprime. Then the constraint (5.9) can be expressed as
1 ≤ Xi ≤
∑3
P=0 uP,2uQ,1uR,1uS,1LP
ui,2uJ,1uK,1uL,1
(5.10)
for P 6= Q 6= R 6= S 6= P and i 6= J 6= K 6= L 6= i. Thus, we conclude that for fixed
complex structures only a finite number of branes is admissible. It is much harder to see
that for fixed LI also only a finite number of complex structures allows any solution to the
constraint (5.10). A computer analysis however suggests that this is indeed the case. If this
is really true, then analogously to the 6D case, we would argue that modulo moduli space
identifications, for fixed LI there exists only a finite number of solutions to the tadpole
cancellation conditions.
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5.2. Counting tadpole solutions
Now we proceed completely along the lines of the higher dimensional examples and
compute the total number of solutions to the tadpole cancellation conditions for fixed
complex structures U1, U2, U3. Let us denote by SU the total set of the three classes of
supersymmetric branes described in the last section. By now we are quite familiar with
the integrals appearing so that we can present them without too many comments,
N (LI) ≃ 1
(2πi)4
∮
dq0 dq1 dq2 dq3 exp
( ∑
XI∈SU
∏
I q
XI
I
1−∏I qXII −
∑
I
(LI + 1) log qI
)
. (5.11)
The asymptotic growth of this expression can be deduced by the SPA now in the four
variables q0, q1, q2, q3. In Figure 24 we have shown the result of a numerical evaluation of
this saddle point.
-4 -2 2 4 6 8
L_0
-5
-2.5
2.5
5
7.5
Log[N(L_0)]
Fig. 24: The total number of solutions for L1 = L2 = L3 = 8. Dots:
multiple wrapping, stars: coprime wrapping numbers.
As compared to the 8D and 4D models, a new feature appears here which is rooted in
the possibility to have supersymmetric D-brane models even for the case L0 < 0. Looking
at Figure 24, we observe that the curve for L0 ≥ 0 still scales like exp(
√
L1 logL1), even
though one could have guessed that the new class of branes with negative XI somehow
changes the behaviour. However, for the case L0 < 0 these latter branes become relevant,
as without at least one of them no solution to the tadpole cancellation conditions can exist.
However, these branes have non-trivial winding on all three T 2s, so that they are rather
long leaving little room for other branes. Therefore, we expect that for L0 < 0 the number
of solutions decreases dramatically as can be nicely seen in Figure 24.
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5.3. Probability of SU(M) gauge symmetry
For fixed LI the probability to find an SU(M) gauge factor is given by
P (M,LI) ≃ 1N (LI)(2πi)4
∮ (∏
I
dqI
)
exp
( ∑
XI∈SU
∏
I q
XI
I
1−∏I qXII
+ log
( ∑
XI∈SU
(∏
I
qMXII
))
−
∑
I
(LI + 1) log qI
)
.
(5.12)
In Figure 25 we show the resulting distribution for LI = 4 ∀I and realize that it also
decreases exponentially for larger M .
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Fig. 25: The probability for finding at least one SU(M) gauge factor for LI =
4, ∀I. The result for non-coprime/coprime wrapping numbers is represented
by the dots/stars.
For
∑
iMi ≪
∑
I LI we again find that the occurrence of a gauge factor
∏
i SU(Mi)
is given by the product of the probabilities for the occurrence of each factor, P ( ~M) =∏
i P (Mi).
For realising the Standard Model with four intersecting branes, we learn that an upper
bound of their probability is PSM = P (3)P (2)P (1)P (1). Of course, more conditions arise
when we require that the hypercharge U(1)Y remains massless after taking the Green-
Schwarz mechanism into account.
5.4. The rank distribution
The likelihood to find a gauge group of rank r =
∑
aNa can be determined from the
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integral
P (r, LI) ≃ 1N (LI) (2πi)5
∮
(
∏
I
dqI) dz exp
( ∑
XI∈SU
z
∏
I q
XI
I
1− z ∏I qXII
−
∑
I
(LI + 1) log qI − (r + 1) log z
)
.
(5.13)
In Figure 26 we show the resulting rank distribution for L0 = L1 = L2 = L3 = 8, UI = 1
and both non-coprime and coprime wrapping numbers.
5 10 15 20 25 30
r
0.025
0.05
0.075
0.1
0.125
0.15
P(r)
Fig. 26: The rank distribution for L0 = L1 = L2 = L3 = 8, UI = 1 and
both non-coprime (dots) and coprime (stars) wrapping numbers.
Since it is interesting to see what happens on the new branch L0 < 0, in Figure 27
we displayed the rank distributions for L1 = L2 = L3 = 8 and the choices L0 = 8 and
L0 = −2.
For L0 ≥ 0 the distribution still has the familiar Gaussian shape, where the maximum
lies approximately at (
∑
I LI)/2. For L0 < 0 the shape of the curve is still Gaussian, but
the maximum is at a much smaller value than r = (
∑
I LI)/2. This can be understood by
the fact that in this case the special set of supersymmetric branes with some Xa < 0 has
to be present. Since these branes are rather long, one expects the rank of the gauge group
to be reduced.
5.5. The chirality distribution
Recall that in 6D we defined a measure for the chirality in the model by the number
of symmetric plus antisymmetric representations of a gauge factor. Here, to be closer to
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Fig. 27: The rank distribution for L1 = L2 = L3 = 8, UI = 1 and non-
coprime wrapping numbers. The dotted curve is for L0 = −2 and the one
with triangles for L0 = 8.
the question of the probability of a three generation model, it is more appropriate to take
the intersection number Iab between two different stacks of D-branes. More accurately we
should take the number
χ = Ia′b − Iab = 2 ~Ya ~Xb, (5.14)
which in our case of rectangular tori is always even, but can become odd for tilted ones
[45]. For the distribution of this intersection number in the ensemble of 4D intersecting
brane models with fixed complex structure and LI one obtains
P (χ, LI) ≃ 1N (LI) (2πi)4
∮
(
∏
I
dqI) exp
[ ∑
XI∈SU
∏
I q
XI
I
1−∏I qXII
− 2 log
( ∑
XI∈SU
∏
I q
XI
I
1−∏I qXII
)
+ log
 ∑
Xa,I ,Xb,I∈SU,χ
∏
I q
Xa,I
I
1−∏I qXa,II
∏
I q
Xb,I
I
1−∏I qXb,II

−
∑
I
(LI + 1) log qI
]
.
(5.15)
Our results for the chirality distribution displayed in Figure 28 clearly exhibit number
theoretical effects in that the values for prime χ2 tend to scatter around the approximate
straight line formed by the other dots. Although much weaker, this effect can already be
observed in the corresponding 6D chirality distribution in Figure 20 and merely reflects
the special factorization properties of prime numbers.
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Fig. 28: The chirality distribution for L0 = L1 = L2 = L3 = 8, UI = 1 and
multiple wrapping.
5.6. Statistical correlations
Finally, the statistical correlation between the rank of the gauge group and the chirality
can be computed as
P (χ,r, LI) ≃ 1N (LI) (2πi)5
∮
(
∏
I
dqI) dz exp
[ ∑
XI∈SU
z
∏
I q
XI
I
1− z ∏I qXII
− 2 log
( ∑
XI∈SU
z
∏
I q
XI
I
1− z ∏I qXII
)
+ log
 ∑
Xa,I ,Xb,I∈SU,χ
z
∏
I q
Xa,I
I
1− z ∏I qXa,II
z
∏
I q
Xb,I
I
1− z ∏I qXb,II

−
∑
I
(LI + 1) log qI − (r + 1) log z
]
.
(5.16)
As can be seen from Figure 29, the maximum of the rank distribution takes smaller values
for increasing chirality, in agreement with the naive expectation from the tadpole cancel-
lation conditions.
6. Combination with flux compactification
So far we have only discussed the case where the gauge theory sector of intersecting
branes is completely decoupled from the flux sector. That means that in a concrete setting
the non D-brane contributions LI to the tadpole cancellation conditions are fixed by the
orientifold planes. However, it is known that three-from fluxes in the Type IIB T-dual
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Fig. 29: Rank-chirality correlation for L0 = L1 = L2 = L3 = 8, UI = 1 and
multiple wrapping.
models also give a positive contribution to the 4-form tadpole condition. Therefore, the
effective non D-brane contribution to the 4-form tadpole is L0−Nflux. To avoid confusion
in the following, please note that the former complex structure moduli in the T-dual model
become Ka¨hler moduli and vice versa.
In this section we would like to get a rough insight into the statistical implications in
the gauge theory sector if we also take the degeneration of flux vacua into account. In [24]
a formula for the number of flux vacua for given Nflux ≤ L∗ was derived, which had the
peculiar scaling
N ≃ (L∗)K , (6.1)
where K is the number of three-cycles. This scaling behaviour is a good approximation as
long as L∗ ≫ K, in which case the discrete sums could be estimated by continuous integrals
[24,46]. In the case we are discussing here, we have L∗ ≤ 8 and K ≃ 10, if we only allow
for bulk fluxes, and K ≃ 100, if we consider twisted 3-form fluxes, too. Therefore, we are
not really in the regime where we can trust the scaling (6.1). Nevertheless, as shown in [46]
one can still find polynomial scalings for L∗ ∼ K, so that we use (6.1) as a rough estimate
of what one can expect. In fact, we assume that the derivative of (6.1) gives the number of
flux vacua for fixed N = L∗. Note that the aim here is only to get a first glimpse of what
can happen when one combines the flux statistics with the D-brane statistics. Note also
that Nflux is bounded from above by the requirement that the conditions (5.9) admit any
non-trivial solution. Only branes with all XI 6= 0 can compensate a negative L0 −Nflux.
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In the following, we leave the precise value of K in (6.1) open and check how the
various gauge sector distributions change depending on the value of K. To determine the
statistics, we now have to sum over all possible values of Nflux and weight each term with
the degeneracy (6.1). Since we expect the distributions not to depend strongly on the
Type IIA complex structure moduli (Type IIB Ka¨hler moduli), we are just choosing the
specific value UI = 1 for simplicity. For the rank distribution for instance we now get the
following expression
P (r) =
1
Nnorm
Nmaxflux∑
Nflux=0
(Nflux + 1)
K N (r;L0 −Nflux, L1, L2, L3), (6.2)
where N (r, LI) is just the unnormalised part of the distribution (5.13) and Nnorm the
new normalization constant. We introduced the factor (Nflux + 1) so that Nflux = 0 also
contributes non-trivially. In figure 30 we show the resulting distribution for the ZZ2 × ZZ2
orientifold.
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Fig. 30: The rank distribution after averaging over flux vacua for L0 = L1 =
L2 = L3 = 8, UI = 1 and N
max
flux = 11.
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Fig. 31: The rank distribution after averaging over flux vacua for L0 = L1 =
L2 = L3 = 8, UI = 1 and N
max
flux = 11.
From another angle the same distribution looks like shown in Figure 31.
For a large range of values for K, one finds essentially the same rank distribution as
for fixed L0, a Gauss curve with a maximum at around rmax ≃ 16. However for values
K > 70 new maxima appear for small values of r, which come from the fact that in this
case the large number of flux vacua dominates the statistics and gives a larger weight to
the actual few brane solutions with L0 < 0. Maybe it has no actual significance, but let us
observe that the semi-realistic flux vacua constructed in [32] belong precisely to this latter
regime.
Naively, one could have expected that at least for certain values of K one obtains a
uniform distribution for the rank of the gauge group, but this does not seem to be the
case. This first estimate of the influence of the flux sector on the distribution of gauge
theoretic observables seems to tell us that even after averaging over the flux vacua one still
gets non-trivial distributions of the gauge theory observables.
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Of course here we have just gained a first glimpse and it would be interesting to
statistically analyse the effect on other gauge theory observables and in particular on
those, which depend on the Type IIB complex structure moduli and therefore on the flux
side of the model. More detailed physical quantities like Yukawa couplings [47] or soft
supersymmetry breaking terms [23] fall into this category.
7. Conclusions
In this paper we have investigated the statistical behaviour of solutions to the stringy
tadpole cancellation conditions as they appear for intersecting D-brane models. Realizing
that the problem of counting just solutions is similar in spirit to the evaluation of the
asymptotic growth of the number of partitions, we have developed similar methods for
counting solutions to tadpole equations. These methods are based on the saddle point
approximation of the naturally occurring integrals and could be generalised to compute
more sophisticated distributions of physical quantities. We have demonstrated for a simple
enough 8D toy model that this approximate method is indeed in good agreement with an
exact numerical computation of all solutions. Even when the absolute values differ by, say,
one order of magnitude, the leading order saddle point approximation provides already a
very good picture of the qualitative features of the statistical distributions.
Encouraged by these observations we moved forward and applied similar methods to
two concrete intersecting D-brane models in 6D and 4D. As a byproduct of our considera-
tions we proved and, respectively, gave very strong evidence that the number of solutions
of the tadpole cancellation conditions in the class of special Lagrangian cycles is finite,
even allowing varying complex structures. We found that many of the qualitative features
appearing in physically more interesting 6D and 4D examples were already visible in the
8D toy model. Intriguingly, in the former models we observed a statistical correlation
between the number of families and the rank of the gauge group. This confirms that string
theory as a constrained system can indeed give rise to non-trivial statistical correlations
between physically relevant and measurable quantities. As was pointed out, such corre-
lations might eventually lead to a statistical falsification of string theory or at least to
statistical support for its relevance in nature. Since we are just beginning to explore the
string theory landscape and develop mathematical methods for this purpose, it is way too
early to make any definite statement.
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We are very optimistic that the general methods developed here can also be applied
to other statistical problems on the string theory landscape like counting of other types
of string theory vacua. The moment one arrives at similar constraints for integer valued
quantities which admit a large amount of solutions, these methods should work. We have
in mind for instance counting heterotic vacua like the subclass of toroidal orbifolds with
Wilson lines or the statistical analysis of Gepner model orientifolds [48]. In the latter case
a systematic computer search for semi-realistic models has been pioneered in [49].
Of course eventually one has to perform the statistics over the ensemble of all string
vacua and the various techniques developed for certain aspects such as counting of flux
vacua and counting of tadpole solutions must be combined. We got a first glimpse of
what can happen in this case in section 6. Many ways to improve our understanding of
the statistics on the string theory landscape lie ahead and we are very curious to which
conclusions they will finally lead us. Can we ever falsify string theory or provide at least
strong statistical evidence for it or do we have to face the unsatisfactory conclusion that
we will never know? But even if we can gain statistical evidence, can we then move
beyond this approach and really find at least some of the realistic string vacua, which
from the phenomenological point of view would still be quite valuable, or do we have to
face the also depressing scenario that - in the finite amount of time their species exists -
the best physicists can learn about the underlying structure of the universe, are statistical
correlations?
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Appendix A. Coprime wrapping numbers in 6D
The quantities XI , YI are defined in (2.11) and satisfy the relation (2.12). In this
appendix we want to show how to recover the wrapping numbers from given XI , YI ∈ ZZ
and how to implement the coprime condition which the wrapping numbers should fulfil.
Of course we have the problem that not all chosen values for XI , YI ∈ ZZ with
X1X2 = Y1 Y2 correspond to configurations with coprime wrapping numbers, e.g. take
X1 = −X2 = Y2 = −Y1 = 2. First we search for resolutions for non-coprime wrapping
numbers (nI , mI) = aI (pI , qI) with pI , qI coprime. Defining α ≡ a1a2 we can write
αp1 = gcd(X1, Y1),
αp2 = gcd(X1, Y2),
αq1 = gcd(X2, Y2),
αq2 = gcd(X2, Y1, )
(A.1)
and the coprime numbers are given by
p1 =
X1
gcd(X1, Y2)
=
Y1
gcd(X2, Y1)
,
p2 =
X1
gcd(X1, Y1)
=
Y2
gcd(X2, Y2)
,
q1 =
X2
gcd(X2, Y1)
=
Y2
gcd(X1, Y2)
,
q2 =
X2
gcd(X2, Y2)
=
Y1
gcd(X1, Y1)
,
(A.2)
while the global prefactor α can be written as
α =
gcd(X1, Y2) gcd(X2, Y2)
Y2
=
gcd(X1, Y2) gcd(X2, Y1)
X1
=
gcd(X2, Y1) gcd(X1, Y1)
Y1
=
gcd(X2, Y2) gcd(X2, Y1)
X2
.
(A.3)
From (A.2) and (A.3) one sees, that all pI , qI , α have exactly one expression in terms of
X1, X2, Y2. By construction, pI , qI are integers, upon Y1 =
X1 X2
Y2
∈ ZZ one can also easily
see that the formulae above give an integer α.
To summarize, given integers X1, X2, Y2 with
X1X2
Y2
∈ ZZ can be rewritten in terms
of coprime wrapping numbers pI , qI and a global prefactor α. Now, the condition for no
multiple wrappings reads α = 1, from which we recover (4.1).
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Appendix B. Coprime wrapping numbers in 4D
With the definition from section 2, we first have to recover the coprime integer wrap-
ping numbers from XI , YI . We start as in the 6D case with non-coprime ones. Now we
search for resolutions for non-coprime wrapping numbers (nI , mI) = aI (pI , qI) with pI , qI
coprime and define α ≡ a1a2a3. Then we have for I 6= J 6= K 6= I, I, J,K ∈ {1, 2, 3}
αpI pJ = gcd(X0, YK),
αqI qJ = gcd(Y0, XK),
αpI qJ = gcd(XI , YJ),
(B.1)
and thereby
pK =
X0
gcd(X0, YK)
=
YJ
gcd(XI , YJ)
=
XK
gcd(Y0, XK)
,
qK =
Y0
gcd(Y0, XK)
=
XI
gcd(XI , YJ)
=
YK
gcd(X0, YK)
,
(B.2)
and several relations of the form
αpK =
XK
qI qJ
=
X0
pI pJ
=
YI
qI pJ
,
αqK =
YK
pI pJ
=
Y0
qI qJ
=
XI
pI qJ
,
(B.3)
which lead to the expression in terms of only X0, Y0, XK
α = X0
3∏
I=1
gcd(Y0, XI)
XI
=
1
(Y0)2
3∏
I=1
gcd(Y0, XI). (B.4)
The final condition for no multiple wrappings reads α = 1. This gives equation (5.1).
Appendix C. Summary of the computational technique
In this section we would like to briefly summarise the main computational technique
we used to determine the distribution of various gauge theoretic observables in the ensemble
of intersecting D-brane models for fixed geometric background.
The first step is to determine all or at least a large, preferably representative subset of
supersymmetric branes. After solving the supersymmetry constraints, in all our examples
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this was given by a subset S of the naively allowed wrapping numbers XI . Then the total
number of solutions to the tadpole cancellation conditions
k∑
a=1
NaXa,I = LI (C.1)
with I = 1, . . . , b3/2 is given by the expression
N (~L) ≃ 1
(2πi)
b3
2
∮ ∏
I
dqI
qLI+1I
exp
( ∑
XI∈S
∏
I q
XI
I
1−∏I qXII
)
. (C.2)
which can be evaluated at leading order by a saddle point approximation with
f(~q) =
∑
XI∈S
∏
I q
XI
I
1−∏I qXII −
∑
I
(LI + 1) log qI . (C.3)
The saddle point is determined by the condition ∇f(~q)|~q0 = 0, and the second order saddle
point approximation reads
N (2)(~L) = 1√
2π
b3
2
ef(~q0)√
det
[(
∂2f
∂qI∂qJ
)]
q0
. (C.4)
An observable O in this example is given by a function O(N,XI), where here N and
XI denote vectors with respect to the number of stacks. The expectation value of this
observable in our ensemble is defined as
〈O(N,XI)〉(~L) ≃ 1N (~L) (2πi) b32
∮ (∏
I
dqI
qLI+1I
) ∞∑
k=1
1
k!
∞∑
N1=1
. . .
∞∑
Nk=1
∑
X1,I∈S
. . .
∑
Xk,I∈S(∏
I
qNXII
)
O(N,XI)
(C.5)
Depending on the actual form of O(N,XI) these sums can be further simplified and in the
best case reduced to just a few sums over S. The final expression is then to be evaluated
using a saddle point approximation.
Similarly the distribution of O(N,XI) = r is given by the expression
P (r; ~L) ≃ 1
N (~L) (2πi) b32 +1
∮ ∏
I
(
dqI
qLI+1I
)
dz
zr+1
∞∑
k=1
1
k!
∞∑
N1=1
. . .
∞∑
Nk=1
∑
X1,I∈S
. . .
∑
Xk,I∈S(∏
I
qNXII
)
zO(N,XI ).
(C.6)
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Again simplifications can occur for certain choices ofO(N,XI), which in effect also simplify
the saddle point approximation.
One can easily derive further generalisations of these expressions, which in one way or
the other will be appropriate to study similar statistical questions concerned with counting
solutions to discrete stringy consistency conditions.
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